A graph or map is cyclically k-connected if it possesses no set of fewer than k edges whose deletion leaves two disjoint subgraphs each containing a circuit. The highest cyclic connectivity that a finite cubic planar map having at least five faces can have is five. Let C k be the set of cyclically k-connected cubic planar maps.
Introduction
A graph or map is cyclically k-connected if it possesses no set of fewer than k edges whose deletion leaves two disjoint subgraphs each containing a circuit. The highest cyclic connectivity that a finite cubic planar map having at least five faces can have is five. Let C k be the set of cyclically k-connected cubic planar maps.
It is easy to construct a cubic planar map that has no Hamiltonian circuit, a circuit passing through every vertex, if no restriction is made on the connectivity of that map. Non-Hamiltonian cubic planar maps of cyclic connectivities 3, 4 and 5 are harder to find, but are known. Examples of the smallest known maps, having 21, 23 and 24 faces, respectively, are given by Griinbaum [4] . The 24-face C 5 map, shown in Fig. 1 , and the 23-face C 4 map, derived from it by suppressing edge e, were first discovered by Grinberg [3] . The 21-face C 3 map bears no obvious relation to the other two; Butler [ 1 ] has recently proved that this map is a smallest non-Hamiltonian map in C 3 -C 4.
In this paper we report on evidence that Grinberg's 24-face map is indeed a smallest non-Hamiltonian map in C 5. Also presented is a new 23-face non-Hamiltonian C 4 map and a proof of its non-Hamiltonian character. Whether or not this is a smallest such map has not been established. Finally, we construct a family of C 4 maps {M k : k a positive integer} with the property that at least k disjoint circuits are required to span the vertex set of M k . The assertion that all maps in C 5 having 23 or fewer faces are Hamiltonian is based upon examination of a catalogue of C 4 maps generated on the IBM 360/75 computer at the University of Waterloo. The theory for the construction of this catalogue, given in [2] , establishes that all maps in C 4 having r + 1 faces can be obtained from those having r faces by "face-diagonalization" for r >_ 6. This part of the theory is also given by Kotzig [6] . Let S C 4 denote the subset of C 4 that contains all maps having at most two four-sided faces, such that the two four-sided faces, if present, are adjacent. The theory in [2] also shows that every map in SC4 having r + 1 faces can be obtained from some map in SC4 having r faces by "face-diagonalization" for r >__ 14.
The catalogue contains C 4 maps having up to 24 faces. Up to 21 faces, the complete SC4 set is generated; at 22 and 23 faces the set generated is restricted to those having at most one quadrilateral, and at 24 faces, no quadrilateral. The theory guarantees that every C 5 map up through 23 faces Is in the catalogue; it falls short of making this guarantee at 24 faces since the 23-face set from which the latter is derived is a bit smaller than sufficient for completeness. Of course, any assertion of completeness is based on the correctness of the computer implementation, and this should not be taken for granted until it is verified independently.
Each map in this catalogue has been tested for a Hamiltonian circuit and exactly four non-Hamiltonian maps have been found, two having 23 faces and two having 24 faces. One of the 23-face maps is Grinberg's map; the other, apparently new, is the map M* shown in Fig. 2 . Since 
The non-Hamiltonian character of map M*
The non-Hamiltonian character of each of the four maps found in the catalogue can be shown by application of the Grinberg criterion [3, 4] . However, we gxve here a combinatorial argument that the map M* of Fig. 2 does not contain a Hamiltonian circuit. This argument forms the basis for the constructions given in the next section.
Suppose that M is a cubic planar map that includes a submap of the form B 1 , as shown in Fig. 3 , and let X be the intersection ofB 1 with a Hamiltonian circuit of M. Then X is a set of pairwise disjoint arcs that collectively span the vertex set of B 1 . Note that B: has both left-right and top-bottom symmetry. Let the vertices by which B: is attached to the rest of M be labelled u:, u 2, u 1 and v 2, as in Fig. 3 . Using this terminology we present the following lemmas. The proofs of the first two are straightforward, more or less enumerative in character, and are omitted. Proof. Note that M* contains a submap of the form B 2 . If M* has a Hamiltonian circuit, then by Lemma 2.3, the intersection of a Hamiltonian circuit of M* with B 2 is an arc joining u 1 to 0'2, or, symmetricalt ly, an arc joining u 2 to u 1 . However, neither of these arcs can be extended to a circuit that contains all four of the vertices external to B 2. Hence M* has no Hamiltonian circuit.
Hunter [5] also constructed a non-Hamiltonian C4 map from submaps of the form B1, but since he used three copies ofB 1 , his map is somewhat larger than M*. 
Families of non-Hamiltonian C 4 maps
Consider the problem of finding a C4 map M k for which a minimum disjoint collection of circuits that spans M~ has cardinality k, where k is a positive integer. This generalizes the problem of finding a non-Hamiltonian C 4 map. Proof. The intersection of a Hamiltonian circuit of a map and a submap B 2 is described by Lemma 2.3. This description applies also to the intersection ofB 2 with a disjoint set of circuits that spans the map, provided that no circuit of the set is completely included in B 2 . Hence the assertion is a consequent of Lemma 2.3.
Let B 3 be a submap composed of two copies ofB 2 joined as shown in Fig. 5 Proof. If each copy ofB a that comprises B 3 includes a circuit of C, the assertion is immediate; if not, then the intersection of the circuit of C with each copy of B 2 is an arc between diagonally opposite vertices of attachment of B 2 in map M. In order for the single vertices in the up- per right and lower left corners ofB 3 to be included, the intersection of C with B 3 must be a circuit.
It follows from Lemma 3.2 that any map which includes k copies of B 3 , each connected to the rest of the map only by the four specified vertices of attachment, can only be spanned by a disjoint collection of circuits consisting of at least k circuits. A specific example of a C4 map that includes k copies ofB 3 is illustrated, for k equal to 5, in Fig. 6 . For k >_ 2, let M k be the map composed of k copies ofB 3 arranged in a circular array. From Lemma 3.2 and the remark made in the proof of Lemma 2.3 that a submap B 2 can be spanned by a single arc between diagonally opposite vertices of attachment, we reach the following conclusion. If we consider the similar question of constructing a family {N k } of C4 maps for which a minimum disjoint collection of arcs that spans N k has cardinality k, we observe that N k = M2k, for each k >_ 1, provides such a family.
